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1. Phys. A: Math. Gen. 15 (1982) 911-914. Printed in Great Britain

Some new lattice sums including an exact result for the
electrostatic potential within the NaCl lattice

P J Forrester and M L Glasser?

Department of Mathematics, University of Melbourne, Parkville, Victoria 3052, Australia
Received 27 August 1981

Abstract. The electrostatic potential at point & L1 in the unit cell of side length 2
of the NaCl lattice is found to be ¥3. An n-dimensional generalisation of a dipole sum,
evaluated exactly by Glasser and Zucker in the case n =2, is given.

1. Introduction

The problem of evaluating physically applicable lattice sums has a long history. In
particular, the numerical evaluation of electrostatic lattice sums has its origin in the
work of Madelung (1918) and Ewald (1921). However, the exact evaluation of these
important sums has received little attention until comparatively recently (Glasser
1973). A recent review (Glasser and Zucker 1980) contains a very extensive listing of
exact results, especially in two dimensions. In this review, it is pointed out that very few
lattice sums in three dimensions of the form

U(r,s)= Z Z Z Z @il m, n)+ (=)™ (1
1 [=—00 m=—0 n=—©

have been evaluated exactly. In equation (1), /(r, 3) is the electrostatic potential at the
point r within the unit cell of a simple cubic ionic crystal with charges ¢, at r,
i=1,2,...,N,2; g; =0, and unit cell of side length 1. This note reports several new
lattice sums including an exact result for the NaCl structure. Apart from its intrinsic
interest, this result provides a useful test for checking the accuracy of numerical.
algorithms for computing the potential ¢ (r, 3.

2. Calculation

Consider first an NaCl-type lattice with unit cell of side length 2 containing charges +1
at (0,0,0), (1,1,0), (1,0,1), (0,1, 1) and charges —1 at (1,0, 0), (0,1,0), (0,0, 1),
(1,1,1). The electrostatic potential at re[—3,3]®* (this choice of unit cell avoids
fractional charges) may be written

seh=5 T F 0" mym) - @)

I=—00 m=-0 n=—00
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Because the unit cell has zero dipole and quadrupole moments, this lattice sum is
absolutely convergent (De Leeuw er a/ 1980). Equation (2) may be evaluated exactly
forr=(- %, - %, - %). Symmetry considerations then give the same value for r = (x, y, z)
with x, y, z being any of +: 27

Jacobi (1829) lists the identity

0 3 s
( ) (—1)'"61(3'"2“")/2) =Y (-1)"@n+1)q" "2 (3)
n=0

m=-—oG

Following the method of Glasser (1973) we substitute g = e ¥in (3). By multiplying
both sides by a suitable function F(¢) and integrating over ¢ from 0 to o we obtain the
reduction formula

>O¥ Y DO+ (m )+ (n+ )]

l=—-00 m=~-x p=-©

= i (=1)"2n+ DPG(n +3)%) (4)
n=0

—apti2

where ®(p) denotes the Laplace transform of F. In particular for ®(p)=p"e we
obtain

S U+H 3 (n+ Y exploal(+ B+ (m+ P+ (n 4171

=127" Y (-1)"2n+1)>"exp[-3a37"*2n+1)]. (5)
n=0
The sum on the right-hand side can be evaluated in closed form whenever v is integral
or half integral. For example v = —} gives

S 2 2 pmeexpimalU++m D+ 077 V3
I=Z—oo m;-oo n;—oo( b [+ +m+e)+(n+0)7"? " cosh 337

(6)

for which a = 0 shows
B4 ~4 -9, =V3. (7)

A second example of physical interest may be obtained by taking ®(p)=(p+a’)™"
which gives

5 ¥ 3

1Ee m e e [+ M+ +(n+2)+a ]

(_1)1+m+n . 0 ("'1)”(2”""1)
12 Eo [(2n+1)+12a%]"

(8)

The sum on the RHS can be evaluated when a # 0, » = integer, in terms of the digamma
function, and when a = 0, v >3, in terms of

C

B(s)=Y (-D)"@n+1)"

n=0
{(and thus for all » with |arg »| < 7 by analytic continuation).
One other curious result, which arises by setting ®(p) =p~ " sech ap'’?, is
§ 0§ § DT sech mulU+d” Hm+o” +in+o)
10 m e ni [+ +(m+8) +(n +3)°T

=0 9

whenever,u=\/§, v=1-2qoru=3,r=1-3¢g(g=1,2,3,...).
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A similar sequence of results can be obtained by manipulating the LHs of (3), so that
the g series becomes

Y (-1 @n+1)gi
n=0

=( 5 cve?)( £ o) B crrgdet). ao)

n=—0co n=—co n=-c

By carrying out the analysis which led to equation (7) we find

a0 ao a© —_
Y ¥ Y G4 m A9 +3(n+8)7 =2 1n)
l=—=00 m=—00 n=—00
Equation (11) is the electrostatic potential within a crystal of rectangular unit cells, with
alternating positive and negative point charges along the three orthogonal axes.

We conclude this note with the n-dimensional generalisation of the sum (5.7) in
Glasser and Zucker (1980) (the case n =2 arises when calculating the dielectric
constant in a cubic crystal):

D AR (F TS £ S L M )

Sn= ,1,,,;,":1 sinhw(C+E+.. +12)7% (m+Dn’ (12)

To demonstrate this, we use the elementary summation formula

¥ (-1 T (13a)

=~ 12+a asmh wa

1t follows that

1, exp[— u(11+a N__ =
Z =1 2 " asinh7a

F(u, a) (138)

lyj=—c0 +

where F(0, a) = 1 and F is continuous for u =0. Takea’=13+13 +...+ /%, multiply
both sides by a*(—1)2*5**+1 and sum over Iy, s, .. ., l,+1 from 1 to o to get

2 (D)t (G B4+ ) exp[ pli+G+...+12.0)]
oo Ty =1 B+l+.. .+,

+(§1 (1)’ e‘l*”)"

O ) AR £ B LSS Lo W
=1 sinhw(B+02+.. . +12)Y?

2

=1

F(u, a). (13¢)

Cyclically interchange summation labels # +1 times, then add the resulting n+1
equations. This gives

© (=Dt B4+ 12)?
=m(n+1
m(n+1) ll,zzzzn:l sinha(C+L+...+0)7

n

F(u, a). (13d)

Taking the limit u - 0 in (13d) gives the required result (12).
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